The propagation of cell shape across generations is remarkably robust in most bacteria. Even when deformations are acquired, growing cells progressively recover their original shape once the deforming factors are eliminated. For instance, straight-rod-shaped bacteria grow curved when confined to circular microchambers, but straighten in a growth-dependent fashion when released. Bacterial cell shape is maintained by the peptidoglycan (PG) cell wall, a giant macromolecule of glycan strands that are synthesized by processive enzymes and cross-linked by peptide chains. Changes in cell geometry require modifying the PG and therefore depend directly on the molecular-scale properties of PG structure and synthesis. Using a mathematical model we quantify the straightening of curved Caulobacter crescentus cells after disruption of the cell-curving crescentin structure. We observe that cells straighten at a rate that is about half (57%) the cell growth rate. Next we show that in the absence of other effects there exists a mathematical relationship between the rate of cell straightening and the processivity of PG synthesis-the number of subunits incorporated before termination of synthesis. From the measured rate of cell straightening this relationship predicts processivity values that are in good agreement with our estimates from published data. Finally, we consider the possible role of three other mechanisms in cell straightening. We conclude that regardless of the involvement of other factors, intrinsic properties of PG processivity provide a robust mechanism for cell straightening that is hardwired to the cell wall synthesis machinery.
The propagation of cell shape across generations is remarkably robust in most bacteria. Even when deformations are acquired, growing cells progressively recover their original shape once the deforming factors are eliminated. For instance, straight-rod-shaped bacteria grow curved when confined to circular microchambers, but straighten in a growth-dependent fashion when released. Bacterial cell shape is maintained by the peptidoglycan (PG) cell wall, a giant macromolecule of glycan strands that are synthesized by processive enzymes and cross-linked by peptide chains. Changes in cell geometry require modifying the PG and therefore depend directly on the molecular-scale properties of PG structure and synthesis. Using a mathematical model we quantify the straightening of curved Caulobacter crescentus cells after disruption of the cell-curving crescentin structure. We observe that cells straighten at a rate that is about half (57%) the cell growth rate. Next we show that in the absence of other effects there exists a mathematical relationship between the rate of cell straightening and the processivity of PG synthesis-the number of subunits incorporated before termination of synthesis. From the measured rate of cell straightening this relationship predicts processivity values that are in good agreement with our estimates from published data. Finally, we consider the possible role of three other mechanisms in cell straightening. We conclude that regardless of the involvement of other factors, intrinsic properties of PG processivity provide a robust mechanism for cell straightening that is hardwired to the cell wall synthesis machinery. cell shape | cell wall | cell curvature | modeling B acteria exhibit a wide variety of shapes, which are precisely maintained over countless generations in most species, though the mechanisms of the process are not well understood. Many bacteria display rod shape, which can confer selective advantages (1) . In nature bacteria frequently grow in dense environments such as soil and colonies, and are therefore likely to experience physical constraints. For example, chemotactic rodshaped bacteria are capable of penetrating channels narrower than their diameter to reach nutrient sources. Within the channels, growing and dividing cells undergo significant mechanical stress and acquire various deformed cell shapes (2) . Similarly, recent experiments using microchambers showed that external physical forces can cause straight-rod-shaped cells to grow curved (3, 4) . Once the force is released, cells gradually return to their native straight-rod shape as growth continues (2) (3) (4) . The properties of cell shape recovery have not received much attention, yet they have important implications for the robust maintenance of cell shape throughout bacterial populations.
Here we focus on the straightening of curved rod-shaped cells. Using a mathematical model we show first that straightening of exponentially growing cells is a rather surprising phenomenon that would not occur without a specific mechanism. We then discuss potential mechanisms in light of cell structure and growth.
The shape of an individual bacterial cell is largely maintained by the peptidoglycan (PG) cell wall, a strong and flexible meshwork of rigid glycan strands and flexible peptide cross-bridges that is under stress from internal hydrostatic (turgor) pressure (5) . It is a single, covalently closed molecule, and thus bonds must be broken to generate sites for the insertion of new PG subunits (6) . At such sites, penicillin-binding proteins (PBPs) processively elongate glycan strands by adding new subunits to their growing ends (7) (8) (9) (10) . According to the three-for-one model, a popular model for PG insertion, three new glycan strands are believed to be linked to the existing PG by cross-linking to both sides of a docking strand on the preexisting PG. Cleavage of the docking strand pulls the new strands into the stress-bearing layer (11, 12) . An important consequence of processive gycan strand elongation is that newly inserted material is asymmetric, as glycan strands are much longer in one direction than in the other (length versus width). This suggests that not only the localization of new glycan strand synthesis, but also its orientation and length, are likely to directly affect cell shape.
Of these three parameters only the first two have received attention in the literature. The prevalent view proposes that cytoskeletal filaments such as tubulin-like FtsZ and actin-like MreB spatially regulate PG insertion (13) (14) (15) . Experimental evidence suggests that the cell wall exhibits partial order with glycan strands roughly oriented perpendicular (possibly with some tilt) to the long axis of a rod-shaped cell (16) (17) (18) . This orientation may be guided in part by MreB (13) , which plays a critical role in maintaining the rod shape, because inactivation of MreB cables causes cells to grow spherically (19, 20) . The orientation of glycan strands may also result in part from the asymmetric stresses present in the cell wall during growth (21) . Moreover, it has been proposed that local differences in cell wall mechanical structure and stress might affect cell wall synthesis (3) and cell shape (22) .
In addition to the localization and direction of new glycan strand synthesis, straightening might also depend crucially on the length of newly synthesized glycan strands. This possibility has received no attention until now, but it represents an additional degree of freedom for a cell to control its shape. In this work we use a mathematical model to quantify cell straightening in live Caulobacter crescentus cells, a naturally curved bacterium that straightens after disruption of the stress-bearing crescentin structure (3, 23) . We show that cell straightening is critically affected by the processivity of PG synthesis, which we define as the mean number of subunits incorporated into a glycan chain before synthesis termination.
Results and Discussion
Cell Straightening Despite Exponential Growth. Cell straightening via growth upon removal of physical constraints seems intuitive. However, it becomes nontrivial when considered together with another intuitive principle of bacterial growth-proportional growth. This idea states that cell elongation rate is proportional to length, resulting in exponential growth of the cell body. The simplest explanation for this is that PG insertion sites, enzymes, and precursors are randomly distributed across the cell surface. Therefore, longer cells elongate faster by having a greater area for incorporation of new material. Proportional growth was indirectly suggested by demonstrating exponential increase of protein synthesis in Escherichia coli (reviewed in ref. 24) . Here we used time course microscopy and cell length measurements to show that cells blocked for cell division increase their cell lengthL exponentially (SI Appendix, Section I and Fig. S1 ). We concluded that the cell relative growth rate A defined as A ¼ dL∕ðL dtÞ is constant.
However, proportional growth alone cannot explain why curved cells straighten ( Fig. 1A) . As illustrated in a recent study, proportional growth maintains curvature (25) . Indeed a curved rod-shaped cell is longer on one side (outer side; L 1 in Fig. 1B ) than the other (inner side; L 2 in Fig. 1B ) ( Fig. 1A) ; thus, if growth were proportional to the length of each side, a curved cell would elongate faster along the outer side than the inner side, favoring retention of curvature rather than straightening ( Fig. 1 A and B) . In this growth mode (hereafter "growth mode 1," called also "self-similar growth" in ref. 25 ) the length L of every material line along the cell body increases proportionally to itself and the relative growth rate dL∕ðLdtÞ is uniform over the entire cell surface. Thus, although the cell lengthL (average of L over the cell cross section; Fig. 1B ) grows exponentially, the curvature C of the cell is maintained even if curvature-inducing constraints are removed. The curvature is constant because it only depends on the ratio between the lengths of the outer and inner lines according to rC ¼ ðL 1 ∕L 2 − 1Þ∕ðL 1 ∕L 2 þ 1Þ (Fig. 1A , Left and Fig. 1B ).
Here we approximated the cell shape with a section of a torus of radius R ¼ 1∕C (the cell's radius of curvature) and cross sectional radius r (SI Appendix, Section II and Fig. S2 ). According to growth mode 1, if a cell divides, it will produce two cells with identical curvature to the original one. However, experimental observations demonstrate that cells straighten (3, 4) .
For the cell to straighten, the relative growth rate dL∕ðLdtÞ of the inner line must be larger than that of the outer line. An extreme case would be if the growth rate dL∕dt were uniform over the cell surface and proportional to the mean lengthL of the cell (hereafter "growth mode 2" or "hooplike growth" in ref. 25) . In this case all the pole-to-pole material lines on the surface of the cell elongate at the same speed. Hence the cell straightens at the same relative rate as it grows. In Fig. 1A (Right) both the outer and inner lines lengthen by the same amount. Because the ratio between the two lines decreases, the cell straightens. If this cell divides, the daughter cells will be less curved than the original cell. In growth mode 2 the radius of curvature increases at the same rate as the length of the cellL (Eq. 2, below).
To quantify the behavior of bacterial cells observed in experiments, we describe growth and straightening as a linear combination of the two limit modes just described. Consider a line of length L on the surface of a narrow segment of a torus ( Fig. 1B) . During a small amount of time Δt, mode 1 would contribute an amount LAΔt to the elongation of the line, whereas mode 2 would contributeLAΔt, where A is the cell growth rate. Combining the two, the elongation of the line during Δt can be written
The "straightening coefficient" S represents the relative contribution of mode 2 to the total elongation rate and takes values between 0 (mode 1, no straightening) and 1 (mode 2, maximum straightening). With any value of S < 1, the greatest elongation occurs at the outer line, L 1 , and the least elongation occurs at the inner line, L 2 . Because the length of any other line around the cell circumference between these two will change linearly with the y coordinate, which we choose along the diameter connecting L 1 to L 2 (Fig. 1B) , the increments ΔL will also change linearly with y. Therefore, we can simplify the math by considering only the growth along the outer and the inner lines
Rewriting in terms of the average lengthL and the curvature C ≡ 1
(here R is the radius of curvature of the centerline and r is the radius of curvature of the cross section of the cell) we obtain two equations that are conveniently decoupled,
the first describing changes in cell length and the second describing changes in cell curvature. The growth rate A fully determines the lengthening of the cell whereas S determines the straightening behavior. Eq. 2 further shows that what we call the straightening coefficient S is simply the ratio between the relative growth rate of the radius of curvature R ¼ 1∕C and that of the cell lengthL: S ¼ d ln R∕d lnL. When S ¼ 0 the cell lengthens, but its curvature does not change. When S ¼ 1, the radius of curvature of the cell grows at the same relative rate A as the cell length (Fig. 1C) . Quantification of the Straightening Coefficient. To experimentally quantify the coefficients A and S we used Caulobacter crescentus as a model system. C. crescentus naturally grows curved because of an internal constraint posed by crescentin (23) . This intermediate filament-like protein forms a single cytoskeletal filamentous structure that localizes to one lateral side of the cell and alters the kinetics of PG insertion around the cell circumference, leading to cell curvature (3) . Expression of a dominant-negative crescentin mutant disrupts the crescentin structure. This stochastic process takes place during the first 2 h following induction of the crescentin mutant synthesis ( Fig. 2D in ref. 3), and leads to cell straightening in a growth-dependent fashion over 8-10 h that recapitulates the straightening behavior of cells released from microchambers (3, 4) .
To determine A and S from data, we needed simultaneous measurements of the cell straightening and growth rate of the culture as a function of time ( Fig. 2A ). For this reason we did three replicates of the experiment by Cabeen et al. (3) . Note that these experiments are done in liquid culture rather than on agarose pads to minimize the effects from external forces that could affect cell shape. Consider first the data points for which virtually all of the crescentin structures are disrupted (after 2 h). Eq. 2 implies that the curvature of a cell declines exponentially as CðtÞ ¼ C i e −t∕τ , with C i being the initial curvature of this cell and τ ¼ 1∕ðASÞ the decay time. Although we measure the distribution of individual cell curvature at specific time points, growth in liquid culture precludes measurements of τ and the growth rate A for individual cells. Accordingly, to extract the straightening coefficient S from these experiments, we fit the data to a simple model in which these constants are assumed to be identical for all cells.
Because different cells start with somewhat different curvatures, the initial distribution of cell curvatures in the population is not uniform. For simplicity we use a Gaussian distribution with mean C 0 and standard deviation σ 0 to describe the curvature of the cells in the liquid culture (before putting them on the pad).
Placing the cells on an agarose-padded slide for microscopy introduces a small degree of random curvature. For this nonspecific random curvature we used a Gaussian distribution with zero mean and standard deviation σ r . Because only the absolute value of the curvature can be measured, this effect causes the mean curvature of the population to be slightly larger than zero even after all the cells in the liquid culture have become straight. Taking into account these various effects (SI Appendix, Section III), and assuming the crescentin structure is disrupted at time t ¼ 0, the probability density function of the measured curvature of an individual cell becomes
where C > 0 is the measured curvature, C m ðtÞ ¼ C 0 e − t τ , and σðtÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
. Before the disruption of the filament, ρðC;t < 0Þ ¼ ρðC;t ¼ 0Þ. We can extend the analysis to the initial data points following induction of the dominant-negative crescentin mutant by considering the fraction of cells nðtÞ with the crescentin structure still intact at time t: nð0Þ ¼ 0.94, nð1 hÞ ¼ 0.31, and nð≥ 2 hÞ ≈ 0 (numbers are taken from Fig. 2D  in ref. 3). This effect is taken into account by convolving ρðC;tÞ with the fraction of cells in which the filament is being disrupted at a given time point; i.e., ρ Σ ðC;tÞ ¼ −∫ ∞ 0 ρðC;t − t 0 Þ dn dt ðt 0 Þdt 0 . We fitted ρ Σ ðC;tÞ to each replicate of our experiment using the Maximum Likelihood Estimation method (26) (SI Appendix, Section III). As shown in Fig. 2 for one of the 3 experiments chosen at random, these equations fit the mean ( Fig. 2A ) and the distribution (Fig. 2B ) of cell curvature in the experiment as a function of time with a single set of parameter values.
For each of the three replicates of the experiment, we simultaneously determined the doubling time τ 1∕2 of the population, measured by optical density, and the decay time (e-folding time) of the curvature τ. From these measurements we extracted the growth rate A ¼ ln 2∕τ 1∕2 and the straightening coefficient S ¼ 1∕ðAτÞ. The errors of the fit to an individual experiment were much smaller than variations between experiments. Accordingly, we quote below the mean values obtained from the 3 fits together with their standard error. For the decay time of the curvature we obtained τ ¼ 313 AE 28 min. The mean and standard deviation of the initial distribution of curvature in the population yielded, C 0 ¼ 0.480 AE 0.083 μm −1 and σ 0 ¼ 0.270 AE 0.034 μm −1 , respectively. For the random curvature due to immobilization on the slide, we got the standard deviation σ r ¼ 0.140 AE 0.010 μm −1 . The doubling time was τ 1∕2 ¼ 123 AE 3 min and therefore A ¼ ln 2∕τ 1∕2 ¼ ð5.6 AE 0.2Þ × 10 −3 min −1 . From AS ¼ 1∕τ, we obtained for the straightening coefficient S ¼ 0.57 AE 0.03.
These results indicate that in our model system cells straighten at a rate that is about 57% of the growth rate A of the cells. Thus, growth mode 2 plays a significant role in this process, but interestingly it is not the only growth mode involved. The curvature-conserving growth mode 1 still accounts for about 43% of the overall growth. Understanding the molecular origin of the straightening process is important because this mechanism enables rod-shaped bacteria to remain straight even after they experience physical constraints.
Possible Mechanisms Involved in Cell Straightening. Nonuniform cross-linking. Recently, an interesting theoretical study proposed that a nonuniform distribution of peptide cross-links between glycan strands, or other peptidoglycan defects, could cause some of the deformations experienced by Gram-negative bacteria in response to cell wall damage and perturbations (22) . Could a similar process be responsible for cell straightening? In this case the cell wall would have the same number of glycan strands on both sides, but one side would have fewer peptide cross-links, causing turgor pressure to extend it farther and thus curving the cell. Straightening would require the density of cross-links on both sides to approach each other with time. This does not appear to be the case for C. crescentus because recent experiments show that purified PG sacculi of curved C. crescentus cells are curved and show no difference in the amount of cross-linking compared to straight (crescentin-null) cells (3) . Rather, the curvature in these cells is due to an asymmetry in the amount of PG (3).
Mechanical stress-dependent synthesis. Recent experiments have
shown that mechanical stress can significantly accelerate the cleavage of chemical bonds (27) . Thus the rate of insertion of new material in the cell wall may depend on the local mechanical stress in the wall. For example, the geometrical arrangement of bonds and cross-links as well as their cleavage might be stressdependent. In this scheme, nonuniform stress in the wall would lead to nonuniform PG synthesis. We calculated the mechanical stress in the wall of a curved cell considering that the PG is a highly elastic structure (28, 29) stretched by turgor pressure, which when deflated (i.e., no longer stretched by the turgor pressure) remains curved (3, 30) (SI Appendix, Section IV). We found from this calculation that both the parallel stress T ∥ (aligned with the main axis) and the perpendicular stress T ⊥ depend on the curvature of the cell C ¼ 1∕R (Figs. 1B and 3C) . The difference in parallel stress between the outer side of the cell and the centerline is quadratic in the small parameter ε
where T ⊥0 is the perpendicular stress at the centerline (SI Appendix, Section IV-1). If we assume a simple linear dependency of the relative growth rate on the stress, then dL i ∕L i dt ¼ Að1 AE αΔT ⊥ ∕T ⊥0 Þ where α is a proportionality coefficient that measures the sensitivity of the local growth rate with respect to the perpendicular stress (here þ and − correspond to the outer line i ¼ 1 and inner line i ¼ 2, respectively). Comparison with Eq. 1, dL i ∕L i dt ¼ Að1∓SεÞ, then requires that α ¼ −εST ⊥0 ∕ΔT ⊥ ¼ 2S. For the measured S value of 0.57, we obtain α ¼ 1.14, which means that for this mechanism to account for cell straightening a 1% deviation in the perpendicular stress would have to cause a 1.14% deviation in the growth rate. Note that parallel stress cannot have a similar effect on straightening given its quadratic dependency on curvature. To reproduce the experiments, the dependence of the growth rate on parallel stress would not just have to be stronger to compensate for the low order of dependence, but also have to be nonlinear. Although it is plausible that the cleavage of bonds and cross-links might depend on stress (27) , at the moment no molecular mechanism that could cause the effect described here in a live cell has been proposed or tested experimentally.
MreB-dependent synthesis. Another possibility is that straightening depends on the involvement of the MreB cytoskeleton in cell wall synthesis (Fig. 3B ). MreB forms a helical structure beneath the cytoplasmic membrane of many rod-shaped bacteria (31) and this structure is thought to serve as a scaffold for cell wall enzymes (9) . Assuming that synthesis is localized near or at the MreB structure and that the structure forms a perfect helix (i.e., uninterrupted and with a relatively constant tilt with respect to the cell axis), this mechanism provides an equal number of PG synthesis sites on all the sides of a bacterium. If this were the only mechanism responsible for straightening, we would expect the straightening coefficient to tend to S ¼ 1 instead of the S ¼ 0.57 that we measured.
However, it is possible that the probability to start synthesis might only partially depend on the local presence of MreB. Other effects might also reconcile this mechanism with the measured value of S. For example, MreB might not form a single helix spanning the whole cell but instead it might be made of multiple helical sections, each shorter than the cell's circumference. Dynamic behavior of the MreB structure might also play a role.
Processivity-dependent straightening. In the remainder of this section we show theoretically that the processivity of glycan strand synthesis can directly affect the rate of straightening of a growing cell, and therefore, could be the critical mechanism that maintains straight-rod-shape (Fig. 3D) . For simplicity and clarity we analyze the effect of processivity on cell straightening independently from the possible contributions of the other mechanisms mentioned above. Here we assume that the PG grows by insertion of new glycan strands parallel to existing ones in a direction that on average is perpendicular to the main cell axis (16) (17) (18) . There may be some tilt in the orientation of the glycan strands based on the observation that the insertion happens in helical bands (32) . Analysis of these bands in Bacillus subtilis (Fig. 1A in ref. 32) , yielded an estimated tilt angle of about 10°. The correction factor to the processivity is the cosine of the tilt angle, which is about 0.984 and thus can be considered equal to 1.
The synthesis of a new strand is processive (10, 33) and the length of a new strand depends directly on the probability per unit length of synthesis termination 1∕s 0 . In the simplest case of constant rates of elongation and termination, this process gives rise to an exponential distribution of the lengths of the new strands. The mean of this distribution is the processivity s 0 expressed in units of length. Notice that the average length of the mature glycan strands should be smaller than s 0 , because glycan strands are often subject to cleavage during and/or after synthesis (34) . However, for our analysis the important parameter is the length of newly synthesized strands (i.e., s 0 ).
Interestingly, the fact that glycan synthesis is processive and proceeds on average perpendicularly to the cell axis directly affects the rate of straightening of a cell during growth. Assume that the rate of synthesis initiation is uniform over the cell wallthe possible contributions of a nonuniform initiation of synthesis due to cytoskeletal guidance or local stresses have been considered in the previous sections. This gives rise to two limit cases. In the case of a very low processivity, glycan synthesis is essentially proportional to the local area and we have the mode 1 (S ¼ 0). In the opposite case of extremely high processivity (i.e., if synthesis continues around the whole circumference of the cell), an even band of material is synthesized regardless of where the synthesis started. This yields approximately equal elongation at all points of the circumference, which corresponds to the mode 2 (S ¼ 1). In the case of an intermediate processivity (e.g., 10-30% of the cell circumference) we obtain intermediate values of S.
In the Materials and Methods (SI Appendix, Section V and Fig. S3 ) we demonstrate that the geometry of the problem implies a direct connection between the processivity of the PG synthesis s 0 and the straightening coefficient S. We find that S is a sigmoidal function of the processivity s 0 with Hill coefficient 2 and half max reached when s 0 equals the radius r of the cell cross section:
The relative growth rate of the cell A depends on the processivity s 0 , the effective width of the inserted material ΔL 0 , and the rate of synthesis initiation per unit surface k init (assumed uniform). For the three-for-one model, ΔL 0 is equal to the average width corresponding to the insertion of a triplet of glycan strands and removal of one existing strand (11) , but Eq. 4 holds equally well if glycan strands are synthesized singly, in which case ΔL 0 is the width of one strand. For processivities smaller than the radius r the straightening coefficient increases quadratically with the processivity S ∝ ðs 0 ∕rÞ 2 and therefore is very sensitive to processivity. On the other hand, for processivities larger than the radius r the straightening coefficient becomes insensitive to the processivity and asymptotically tends to 1 (Fig. 3E) .
With S ¼ 0.57 AE 0.03 measured in Fig. 2 , Eq. 4 yields the processivity s 0 ¼ ð1.15 AE 0.07Þr (about 18% of the circumference) (Fig. 3E) . The radius of a C. crescentus cell is r ¼ 0.25 μm and the length of a disaccharide glycan subunit is near 1.03 nm [estimated using crystal structure of α-chitin and NMR measurements of glycan fragments (35) (36) (37) (38) ]. Therefore, the processivity required to explain the observed straightening coefficient based solely on this mechanism is 287 AE 18 nm, which is equivalent to 279 AE 17 subunits.
Note that strands of this length may never exist in the cell wall. To correctly interpret this value, it is important to keep in mind that in this study, the processivity is defined as the mean number of subunits incorporated into a glycan chain from the initiation to the termination of the elongation process, when the chain cannot be extended further. As shown by Glauner and Höltje (33) , glycan strand cutting activity of lytic transglycosylases is high immediately following the initiation of synthesis, so a still-growing glycan strand is likely to be cut multiple times before elongation terminates. Accordingly, the processivity is likely much longer than the final average length of the glycan strands, because it corresponds to the combined length of all the products of such cleavage.
There are no direct measurements of the processivity in C. crescentus published to date. Nevertheless a value for the processivity in E. coli can be estimated using published data (33) . In this paper, Glauner and Höltje used pulse labeling with radioactive diaminopimelic acid (A 2 pm) to measure the fraction of mature glycan strand ends (1,6-anhydro-muramic acidcontaining muropeptides) as well as the fraction of strand ends that are being elongated (phosphorylated muropeptides) at small time intervals (20-85 s) following the beginning of a pulse. From this data we extracted an estimate for the processivity of 337 subunits with an absolute lower bound of 142 subunits (SI Appendix, Section VI and Fig. S4 ). From the same data we could not determine an upper bound for the processivity and it is possible that the actual value may be significantly larger.
Eq. 4 also allows calculation of the initiation rate of glycan strand synthesis k init ¼ A∕ðΔL 0 s 0 Þ ≈ 3 μm −2 min −1 (i.e., 3 initiation events per square micron per minute), reflecting the fact that a relatively long strand is synthesized per initiation event.
[A ≈ 0.0056 min −1 and ΔL 0 ≈ 5.8 nm consisting of 8 peptide bonds (28) about 0.363 nm long each (39) times 2, for 3 inserted and 1 removed strand according to the three-for-one model (11) .] This estimate of the value of k init should be considered as an estimate of the order of magnitude only, because of the high uncertainty in determining ΔL 0 .
Conclusions
The straightening of rod-shaped cells described here is an essential process characteristic of multiple rod-shaped bacterial species. When curved by external or internal constraints, cells lose their curvature upon release of the constraints, making this process important for the recovery of rod shape following a disturbance. Our study demonstrates that regardless of the presence of additional effects, the processivity of PG synthesis can contribute significantly to the straightening of bent rod-shaped bacteria. Our model predicts that increases in processivity will cause higher rates of straightening and vice versa. This geometric relationship provides an important constraint on any model of synthesis and organization of PG in rod-shaped bacterial cells.
In the future, experiments may be devised to test the processivity model. For example, small flaps seen in a transglycoslylase crystal structure may contribute to processivity observed in vitro (10) and could be good targets for mutations altering processivity. It might also be possible to affect processivity by reducing the availability of lipid II, a PG precursor molecule.
Processivity can in principle depend on (or even mediate the effect of) various factors such as differential stresses or MreB. For simplicity we analyzed the relationship between processivity and cell curvature when processivity is uniform across the cell. In future studies it will be interesting to investigate how the interplay between processivity and MreB affects glycan strand synthesis to yield cells that are both straight and rod-shaped. Drug-mediated disruption of MreB largely abolishes glycan strand synthesis and leads to a buildup of precursor molecules in E. coli (40) . Additionally, immunoprecipitation experiments have associated MreB with MurG (41) . Hence, MreB may itself function or recruit other enzymes to ensure a steady supply of precursors to the point of synthesis, abetting processivity. In B. subtilis, MreB pulls down the transglycosylase PBP1 in cell extracts (42) , raising the possibility that an MreB structure could form a track for processive motion of PBPs around the cylindrical sidewall.
More generally, in this study we showed that in addition to cytoskeleton-guided localization and synthesis directionality, cells possess one extra degree of freedom to control their shape. Because it is an integral part of the cell wall synthesis machinery, processivity-dependent straightening provides the cell with a robust mechanism that ensures the conservation of straight-rod shape over generations.
Materials and Methods
Derivation of the Geometric Relationship Between S and s 0 . Consider a thin segment of a curved cell of radius r and radius of curvature R as depicted in Fig. 1B . Because of the curvature, the width L of the segment varies proportionally to 1 − ðr∕RÞ cos ϕ as a function of angular position ϕ along the circumference. Thus, if the rate of PG synthesis initiation k init is a constant per unit surface, then the rate p init of synthesis initiation per unit length measured along the center line of the cell becomes a function of ϕ:
Next, we calculate ΔL single ðϕÞ, the average contribution to the cell length of the insertion of a new glycan strand, assuming that synthesis was initiated at some randomly chosen point of the circumference. Without loss of generality we choose this point at ϕ ¼ 0. For a constant probability of synthesis termination 1∕s 0 , the length of new strands is exponentially distributed with a mean length equal to the processivity s 0 . ΔL single ðϕÞ is the cumulative contribution of the strands long enough to reach the position ϕ, taking into account the periodicity of the circumference and the fact that synthesis may start with equal probability 1∕2 in the positive and negative ϕ direction (SI Appendix, Section V and Fig. S3 ): ΔL single ðϕÞ ¼ ΔL 0 ðe −ϕ∕ϕ0 þ e ðϕ−2πÞ∕ϕ0 Þ∕ 2ð1 − e −2π∕ϕ0 Þ. Here ΔL 0 is the width of the PG strand and ϕ 0 ¼ s 0 ∕r. Convolving with Eq. 5 yields the rate of growth:
On the other hand, from Eq. 1 and the fact that L 1 ¼Lð1 þ r∕RÞ we have:
Comparing Eqs. 6 and 7 yields Eq. 4.
Bacterial Strains and Growth Conditions. Cells were grown in PYE medium or M2G medium supplemented with 1% PYE (43) . Log-phase cultures were used for all experiments. The xylose-inducible promoter was induced by adding 0.3% xylose to the medium. The synchrony was performed as described (44) . We used the CJW1819 strain (CB15N ∆creS ftsZ∷pBJM1) (3) for the FtsZdepletion experiment, and the CJW2788 strain (CB15N ∆creS xylX∷pHL23P-xylcreS∆L1/pMR20creS-tc) (3) for the crescentin structure disruption experiment.
Microscopy and Image Analysis. Cells were imaged at room temperature using a Nikon TI microscope equipped with a 100× phase-contrast objective and an Andor iXon EMCCD camera. The cells were immobilized on 1% agarose-M2G pads and imaged immediately.
Cell identification, outlining, and centerline detection for the length and curvature measurements was performed using our custom-made, MATLAB-based program MicrobeTracker (http://emonet.biology.yale.edu/ microbetracker). This program uses bandpass 2D Fourier filtering, morphological opening, and thresholding for the initial guess, followed by a variant of the active contour (snake) model (45) for the refinement of the shape.
The curvature of the cells was determined using the same procedure as described in (3) . Briefly, the centerline of each cell was calculated and represented by a chain of equidistant points. Then an arc of a circle was fitted to the centerline of each cell and the curvature determined as the reciprocal of the radius of this circle.
